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GOPAKUMAR-VAFA TYPE INVARIANTS ON CALABI-YAU 4-FOLDS
VIA DESCENDENT INSERTIONS
YALONG CAO AND YUKINOBU TODA
Abstract. The Gopakumar-Vafa type invariants on Calabi-Yau 4-folds (which are non-trivial
only for genus zero and one) are defined by Klemm-Pandharipande from Gromov-Witten
theory, and their integrality is conjectured. In a previous work of Cao-Maulik-Toda, DT4
invariants with primary insertions on moduli spaces of one dimensional stable sheaves are
used to give a sheaf theoretical interpretation of the genus zero GV type invariants. In
this paper, we propose a sheaf theoretical interpretation of the genus one GV type invariants
using descendent insertions on the above moduli spaces. The conjectural formula in particular
implies nontrivial constraints on genus zero GV type (equivalently GW) invariants of CY 4-
folds which can be proved by the WDVV equation.
0. Introduction
0.1. Background on GV invariants of CY 3-folds. Let Y be a smooth projective Calabi-
Yau 3-fold over C. For each g ∈ Z>0 and β ∈ H2(Y,Z), the Gromov-Witten invariant
GWg,β =
∫
[Mg(Y,β)]vir
1 ∈ Q
enumerates stable maps f : C → Y with f∗[C] = β and g(C) = g. Because of multiple cover
phenomena, the invariants GWg,β are not necessarily integers, so may not be regarded as ideal
curve counting. However if we write the generating series of GW invariants as∑
β>0,g>0
GWg,βλ
2g−2tβ =
∑
β>0,g>0,k>1
ng,β
k
(
2 sin
(
kλ
2
))2g−2
tkβ ,(0.1)
for some ng,β ∈ Q (called Gopakumar-Vafa invariants), then ng,β are expected to be integers.
The above integrality conjecture for ng,β is proved by Ionel-Parkar [IP] via symplectic geometry.
Furthermore there should be a sheaf theoretical interpretation of the integrality of ng,β . From
the perspective of Gopakumar-Vafa [GV] on type IIA and M-theory duality, the invariants ng,β
are expected to be related to characters of sl2 × sl2-actions on some cohomology theories of
moduli spaces M1(Y, β) of one dimensional stable sheaves F on Y with [F ] = β and χ(F ) = 1.
For genus zero, Katz [Kat08] conjectured that the invariant n0,β equals to the degree of the
virtual fundamental class of M1(Y, β), which is a special case of Donaldson-Thomas invariants.
For higher genus, Maulik-Toda [MT18] conjectured the following identity (which itself modifies
earlier approaches by Hosono-Saito-Takahashi [HST] and Kiem-Li [KL]):∑
i∈Z
χ(pHi(Rπβ∗φM ))yi =
∑
g>0
ng,β(y
1
2 + y−
1
2 )2g.(0.2)
Here φM is a perverse sheaf on M1(Y, β) locally isomorphic to vanishing cycle sheaves of local
Chern-Simons functions, πβ : M1(Y, β) → Chowβ(Y ) is the Hilbert-Chow map, and pHi(−) is
the i-th perverse cohomology. See [MT18, Section 7.1] for the relationship of the formula (0.1)
with sl2 × sl2-action. The conjectural equality (0.2) is widely open (see [MT18, Section 9]).
0.2. GV type invariants of CY 4-folds. In what follows, we discuss similar stories for Calabi-
Yau 4-folds. Let X be a smooth projective Calabi-Yau 4-fold1. As an analogy of GV invariants
on Calabi-Yau 3-folds defined by (0.1), Klemm-Pandharipande [KP] defined Gopakumar-Vafa
type invariants on X :
n0,β(γ) ∈ Q, n1,β ∈ Q,(0.3)
from corresponding primary GW invariants (see Section 1.1 for details). Here an insertion
γ ∈ H4(X,Z) is needed in the definition of genus zero invariants, and the g > 2 invariants
are defined to be zero because the virtual dimensions of corresponding GW moduli spaces are
negative. The GV type invariants (0.3) are conjectured to be integers and verified in many
1In this paper, a Calabi-Yau 4-fold is a complex smooth projective 4-fold X satisfying KX ∼= OX .
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examples from computations of GW invariants [KP]. The genus zero integrality conjecture has
been proved by Ionel-Parker [IP, Theorem 9.2] using symplectic geometry.
Motivated by the conjectural identity (0.2) for CY 3-folds, it is desirable to give a sheaf
theoretical interpretation of GV type invariants (0.3) for CY 4-folds in terms of moduli spaces
M1(X, β) of one dimensional stable sheaves F on X with [F ] = β and χ(F ) = 1.
For γ ∈ H4(X,Z), let τ0(γ) be the primary insertion:
τ0(γ) := (πM )∗(π
∗
Xα ∪ ch3(F)) ∈ H2(M1(X, β),Z).
Here F is a universal sheaf, and πX , πM are the projections fromX×M1(X, β) onto corresponding
factors. In [CMT18], Maulik and the authors proposed the following conjecture, which gives a
sheaf theoretical interpretation of genus zero GV type invariants on CY 4-folds and could be
regarded as an analogue of Katz conjecture [Kat08].
Conjecture 0.1. ([CMT18, Conjecture 0.2]) For γ ∈ H4(X,Z), let 〈τ0(γ)〉β be the DT4 invari-
ant with primary insertions on M1(X, β), i.e.
〈τ0(γ)〉β :=
∫
[M1(X,β)]vir
τ0(γ).
Then for a certain choice of an orientation on M1(X, β), we have
〈τ0(γ)〉β = n0,β(γ).(0.4)
Here n0,β(γ) is the g=0 Gopakumar-Vafa type invariant (0.3).
Here [M1(X, β)]
vir ∈ H2(M1(X, β),Z) is the DT4-virtual class of M1(X, β), determined by a
choice of an orientation [CGJ]. DT4-virtual classes on moduli spaces of stable sheaves on CY
4-folds are constructed in general by Borisov-Joyce [BJ] via derived algebraic/C∞-geometry, and
in some special cases by Cao-Leung [CL] via gauge theory and classical algebraic geometry (see
Section 1.2 for a brief review). We refer to [CGJ, CK18, CK19, CKM, CL17, CMT19, CT19] for
some recent developments of such theory. As we discuss below, the main purpose of this paper
is to use DT4-theory together with descendent insertions to give a conjectural sheaf theoretical
interpretation of genus one GV type invariants.
0.3. Main conjecture. As we explained in Section 0.1, in order to give a sheaf theoretical
interpretation of higher genus GV invariants on CY 3-folds, the theory of perverse sheaves of
vanishing cycles plays a key role. However, such a theory is not feasible on CY 4-folds as moduli
spaces of sheaves are no longer locally written as critical locus of functions on Zariski tangent
spaces.
Our proposal is to use descendent DT4 invariants to capture g = 1 GV type invariants on CY
4-folds. For α ∈ H2(X,Z), the descendent insertion is defined by
τ1(α) := (πM )∗(π
∗
Xα ∪ ch4(F)) ∈ H2(M1(X, β),Z).
A subtlety here is that a universal sheaf F is not unique, and ch4(F) may depend on its choice.
We choose F to be the normalized one (1.7) in the sense that the determinant of RπM∗F is
trivial. The descendent DT4 invariants are defined by
〈τ1(α)〉β :=
∫
[M1(X,β)]vir
τ1(α).
The following is our main conjecture of this paper:
Conjecture 0.2. (Conjecture 1.2) For a certain choice of an orientation on M1(X, β), there is
an equality of functions of α ∈ H2(X)
〈τ1(α)〉β = n0,β(α
2)
2 (α · β) −
∑
β1+β2=β
(α · β1)(α · β2)
4 (α · β) mβ1,β2 −
∑
k>1, k|β
(α · β)
k
n1,β/k.(0.5)
Here n0,β(−) and n1,β are genus 0 and 1 GV type invariants (0.3) and mβ1,β2 are meeting
invariants which can be inductively determined by genus 0 GV type invariants (see (1.4)).
Note that by the induction on the divisibility of β together with the conjectural identity (0.4),
the formula (0.5) in principle determines n1,β in terms of primary DT4-invariants 〈τ0(γ)〉β and
descendent DT4-invariants 〈τ1(α)〉β . Therefore it gives a sheaf theoretical interpretation of n1,β
from M1(X, β), in a different flavor from (0.2).
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Also note that the LHS of the formula (0.5) is linear on α, but the RHS is a priori rational
function on α. In order to make sense of the formula (0.5), we need to show the absence of pole
in the RHS, which requires the following constraint
n0,β(α
2) =
1
2
∑
β1+β2=β
β1,β2>0
(α · β1)(α · β2)mβ1,β2 ,(0.6)
for any α ∈ H2(X) with α ·β = 0. This equality can be equivalently written using GW invariants
(Proposition 1.4) and gives nontrivial constraints on GW invariants of Calabi-Yau 4-folds whose
Picard numbers are bigger than one (Example 1.6). We prove that the above equality can be
derived from the WDVV equation [W, DVV].
Theorem 0.3. (Theorem 1.5) The identity (0.6) holds for any Calabi-Yau 4-fold. In particular,
the formula in Conjecture 0.2 makes sense as an identity of linear functions on α ∈ H2(X).
Our Conjecture 0.2 is written down using a heuristic argument in an ideal CY4 geometry
discussed in Section 1.5. At the moment, we are not able to fix the signs in front of genus one
GV type invariants solely from the heuristic argument. The minus sign is in fact experimentally
obtained by explicit computations of several examples in Section 2.
0.4. Verifications of Conjecture 0.2 in examples. We verify our main conjecture in several
examples. The first example is an elliptic fibered CY 4-fold given by a Weierstrass model.
Theorem 0.4. (Theorem 2.9) Let π : X → P3 be an elliptic fibered Calabi-Yau 4-fold (2.1)
given by a Weierstrass model, and f = π−1(p) be a generic fiber. Then Conjecture 0.2 holds for
β = r[f ] with r > 1.
The proof of this case relies on a careful description of the normalized universal sheaf by
Fourier-Mukai transforms (see Lemma 2.2−2.5).
The next example is the product of a CY 3-fold and an elliptic curve.
Proposition 0.5. (Proposition 2.10) Let X = Y × E be the product of a smooth projective
Calabi-Yau 3-fold Y with an elliptic curve E. Then Conjecture 0.2 holds in the following cases
• β = r[E] with r > 1,
• any β ∈ H2(Y,Z) ⊂ H2(X,Z).
The final examples are non-compact ones for small degree curve classes.
Theorem 0.6. (Proposition 2.11, 2.12, 2.13) Conjecture 0.2 holds in the following cases:
• X = TotP2(O(−1)⊕O(−2)) and β = d [P1] ∈ H2(X,Z) with d 6 3.
• X = TotP1×P1(O(−1,−1)⊕O(−1,−1)) and β = (d1, d2) ∈ H2(X,Z) with d1, d2 6 2.
• X = KP3 and β = d [P1] ∈ H2(X,Z) with d 6 3.
A common feature of the examples in Theorem 0.6 is that the CY 4-fold X can be written as
the total space of canonical bundle KY of a (possibly non-compact) Fano 3-fold Y , and there is
an isomorphism
i∗ : M1(Y, β)
∼=→M1(X, β),
where i : Y →֒ X is the zero section. Remarkably in this case, the DT4 virtual class has a
preferred choice of orientations:
[M1(X, β)]
vir = (−1)c1(Y )·β−1 · [M1(Y, β)]vir,(0.7)
where the sign in the RHS is conjectured to give the correct choice of orientations which makes
Conjecture 0.1 true (see [Cao, Conjecture 0.2]). We verify Conjecture 0.2 in the above examples
using this particular choice of orientations.
Finally we remark that the proof of the d = 3 case for X = KP3 requires an identification of
the moduli space M1(X, 3) with the moduli space P1(X, 3) of PT stable pairs (see Proposition
2.13). By using the 4-fold stable pair vertex [CK19, CKM], one can explicitly compute the
invariant and obtain a matching. We thank Sergej Monavari for doing a computation for us
using his Maple program. Other cases can be computed through explicit descriptions of moduli
spaces and virtual classes, and are reduced to calculations using classical intersection theory.
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1. Definitions and conjectures
1.1. GV type invariants of CY 4-folds. Let X be a Calabi-Yau 4-fold. The genus 0 Gromov-
Witten invariants on X are defined using insertions: for γ ∈ H4(X,Z), one defines
GW0,β(γ) =
∫
[M0,1(X,β)]vir
ev∗(γ) ∈ Q,
where ev : M0,1(X, β)→ X is the evaluation map.
The genus 0 Gopakumar-Vafa type invariants
n0,β(γ) ∈ Q(1.1)
are defined by Klemm-Pandharipande [KP] from the identity
∑
β>0
GW0,β(γ)q
β =
∑
β>0
n0,β(γ)
∞∑
d=1
d−2qdβ.
For the genus 1 case, virtual dimensions of moduli spaces of stable maps are zero, so Gromov-
Witten invariants
GW1,β =
∫
[M1,0(X,β)]vir
1 ∈ Q
can be defined without insertions. The genus 1 Gopakumar-Vafa type invariants
n1,β ∈ Q(1.2)
are defined in [KP] by the identity
∑
β>0
GW1,βq
β =
∑
β>0
n1,β
∞∑
d=1
σ(d)
d
qdβ +
1
24
∑
β>0
n0,β(c2(X)) log(1− qβ)
− 1
24
∑
β1,β2
mβ1,β2 log(1− qβ1+β2),
where σ(d) =
∑
i|d i and mβ1,β2 ∈ Z are called meeting invariants defined as follows.
Take a basis S1, · · · , Sk of the free part of H4(X,Z) and let∑
i,j
gij [Si ⊗ Sj ] ∈ H8(X ×X,Z)(1.3)
be the Ku¨nneth decomposition of the (4, 4) component of the diagonal class (mod torsion). For
β1, β2 ∈ H2(X,Z), the meeting invariant 2
mβ1,β2 ∈ Z(1.4)
is the virtual number of rational curves of class β1 meeting rational curves of class β2. They are
uniquely determined by the following rules:
(i) The meeting invariants are symmetric, mβ1,β2 = mβ2,β1 .
(ii) If either deg(β1) 6 0 or deg(β2) 6 0, we have mβ1,β2 = 0.
(iii) If β1 6= β2, then
mβ1,β2 =
∑
i,j
n0,β1(Si)g
ijn0,β2(Sj) +mβ1,β2−β1 +mβ1−β2,β2 .
(iv) If β1 = β2 = β, we have
mβ,β = n0,β(c2(X)) +
∑
i,j
n0,β(Si)g
ijn0,β(Sj)−
∑
β1+β2=β
mβ1,β2.
2They are integers because of Ionel-Parker’s proof of genus zero integrality [IP, Theorem 9.2].
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In [KP], both of the invariants (1.1), (1.2) are conjectured to be integers, and Gromov-Witten
invariants on X are computed to support the conjectures in many examples by localization
technique or mirror symmetry. Note that the genus zero integrality conjecture has been proved
by Ionel-Parker [IP, Theorem 9.2] using symplectic geometry.
1.2. Review of DT4 invariants. We fix an ample divisor ω on X and take a cohomology class
v ∈ H∗(X,Q). The coarse moduli space Mω(v) of ω-Gieseker semistable sheaves E on X with
ch(E) = v exists as a projective scheme. We always assume that Mω(v) is a fine moduli space,
i.e. any point [E] ∈Mω(v) is stable and there is a universal family
E ∈ Coh(X ×Mω(v))
flat over Mω(v). For instance, the moduli space of 1-dimensional stable sheaves E with [E] = β,
χ(E) = 1 and Hilbert schemes of closed subschemes satisfy this assumption [CK18, CMT18].
In [BJ, CL], under certain hypotheses, the authors construct a virtual class
[Mω(v)]
vir ∈ H2−χ(v,v)(Mω(v),Z),(1.5)
where χ(−,−) denotes the Euler pairing. Notice that this class could a priori be non-algebraic.
Roughly speaking, in order to construct such a class, one chooses at every point [E] ∈Mω(v),
a half-dimensional real subspace
Ext2+(E,E) ⊆ Ext2(E,E)
of the usual obstruction space Ext2(E,E), on which the quadratic form Q defined by Serre
duality is real and positive definite. Then one glues local Kuranishi-type models of the form
κ+ = π+ ◦ κ : Ext1(E,E)→ Ext2+(E,E),
where κ is the Kuranishi map for Mω(v) at [E] and π+ denotes projection on the first factor of
the decomposition Ext2(E,E) = Ext2+(E,E)⊕
√−1 · Ext2+(E,E).
In [CL], local models are glued in three special cases:
(1) when Mω(v) consists of locally free sheaves only,
(2) when Mω(v) is smooth,
(3) when Mω(v) is a shifted cotangent bundle of a quasi-smooth derived scheme.
In each case, the corresponding virtual classes are constructed using either gauge theory or
algebraic-geometric perfect obstruction theory.
The general gluing construction is due to Borisov-Joyce [BJ], based on Pantev-To¨en-Vaquie´-
Vezzosi’s theory of shifted symplectic geometry [PTVV13] and Joyce’s theory of derived C∞-
geometry. The corresponding virtual class is constructed using Joyce’s D-manifold theory (a
machinery similar to Fukaya-Oh-Ohta-Ono’s theory of Kuranishi space structures used for defin-
ing Lagrangian Floer theory).
To construct the above virtual class (1.5) with coefficients in Z (instead of Z2), we need an
orientability result for Mω(v), which can be stated as follows. Let
L := det(RHompiM (E , E)) ∈ Pic(Mω(v)), πM : X ×Mω(v)→Mω(v)
be the determinant line bundle of Mω(v), which is equipped with the nondegenerate symmetric
pairing Q induced by Serre duality. An orientation of (L, Q) is a reduction of its structure
group from O(1,C) to SO(1,C) = {1}. In other words, we require a choice of square root of the
isomorphism
Q : L ⊗ L → OMω(v).
Existence of orientations is first proved when the Calabi-Yau 4-fold X satisfies Hol(X) = SU(4)
and Hodd(X,Z) = 0 [CL17], and is recently generalized to arbitrary Calabi-Yau 4-folds [CGJ].
Notice that the collection of orientations forms a torsor for H0(Mω(v),Z2).
Examples computed in Section 2 only involve virtual class constructions in (2) and (3) men-
tioned above. We briefly review them (modulo discussions on choices of orientations) as follows:
• When Mω(v) is smooth, the obstruction sheaf Ob→Mω(v) is a vector bundle endowed
with a quadratic form Q via Serre duality. Then the virtual class is given by
[Mω(v)]
vir = PD(e(Ob, Q)).
Here e(Ob, Q) is the half-Euler class of (Ob, Q) (i.e. the Euler class of its real form Ob+,
the orientation of (L, Q) in this case is equivalent to the orientation of Ob+), and PD(−)
denotes Poincare´ dual. Note that the half-Euler class satisfies
e(Ob, Q)2 = (−1) rk(Ob)2 e(Ob), if rk(Ob) is even,
e(Ob, Q) = 0, if rk(Ob) is odd.
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• Suppose Mω(v) is the classical truncation of the shifted cotangent bundle of a quasi-
smooth derived scheme. Roughly speaking, this means that at any closed point [E] ∈
Mω(v), we have a Kuranishi map of the form
κ : Ext1(E,E)→ Ext2(E,E) = VE ⊕ V ∗E ,
where κ factors through a maximal isotropic subspace VE of (Ext
2(E,E), Q). Then the
virtual class of Mω(v) is, roughly speaking, the virtual class of the perfect obstruction
theory formed by {VE}E∈Mω(v). When Mω(v) is furthermore smooth as a scheme, then
it is simply the Euler class of the vector bundle {VE}E∈Mω(v) over Mω(v).
1.3. Sheaf theoretical interpretation with primary insertions. In [CMT18], a sheaf the-
oretical interpretation of genus zero GV type invariants (1.1) is proposed using DT4 invariants.
To be precise, let M1(X, β) be the moduli scheme of one dimensional stable sheaves F on X
with [F ] = β ∈ H2(X,Z) and χ(F ) = 1. There exists a virtual class (see [CT19, Section 3.2]):
[M1(X, β)]
vir ∈ H2(M1(X, β),Z),
in the sense of Borisov-Joyce [BJ], which depends on the choice of an orientation [CGJ]. For
integral classes γ ∈ H4(X,Z), consider insertions:
τ0 : H
4(X,Z)→ H2(M1(X, β),Z), τ0(γ) := (πM )∗(π∗Xγ ∪ ch3(F)),(1.6)
where πX , πM are projections from X×M1(X, β) to corresponding factors, F is a universal sheaf
unique up to a twist of a line bundle from M1(X, β).
Note that ch3(F) is the Poincare´ dual to the fundamental cycle of F which is independent of
the choice of F. We can define DT4 invariants with primary insertions on M1(X, β):
〈τ0(γ)〉β :=
∫
[M1(X,β)]vir
τ0(γ).
In [CMT18], this invariant is proposed to recover genus zero GV type invariants.
Conjecture 1.1. ([CMT18, Conjecture 0.2]) For a certain choice of an orientation onM1(X, β),
we have
〈τ0(γ)〉β = n0,β(γ),
where n0,β(γ) is the g=0 Gopakumar-Vafa type invariant (1.1).
In [CMT19], the authors also proposed how to recover all genus GV type invariants via stable
pair theory which is a CY 4-fold analogy of Pandharipande-Thomas’ work [PT09] on CY 3-folds.
The motivation of this work is to give a sheaf theoretical interpretation of genus one invariants
via moduli spaces of one dimensional stable sheaves, which is in spirit an analogy of the work of
Gopakumar-Vafa [GV] and Maulik-Toda [MT18].
1.4. DT4 descendent invariants and conjecture. Of course, the theory of sheaves of van-
ishing cycles is infeasible on Calabi-Yau 4-folds. To capture genus one GV type invariants, we
propose to use the insertion (1.6) involving higher Chern characters (ch4).
To fix the ambiguity in choosing a universal sheaf, we define
Fnorm := F⊗ π∗M (det(πM∗F))−1.(1.7)
It is independent of the choice of F and its push-forward to M1(X, β) has trivial determinant.
For α ∈ H2(X,Z), we define (descendent) insertions
τ1 : H
2(X,Z)→ H2(M1(X, β),Z), τ1(α) := (πM )∗(π∗Xα ∪ ch4(Fnorm)),
and DT4 invariants with descendent insertions:
〈τ1(α)〉β :=
∫
[M1(X,β)]vir
τ1(α).(1.8)
Conjecture 1.2. For a certain choice of an orientation on M1(X, β), there is an equality of
functions of α ∈ H2(X)
〈τ1(α)〉β = n0,β(α
2)
2 (α · β) −
∑
β1+β2=β
(α · β1)(α · β2)
4 (α · β) mβ1,β2 −
∑
k>1, k|β
(α · β)
k
n1,β/k.
Here n0,β(−) and n1,β are genus 0 and 1 GV type invariants (1.1), (1.2) and mβ1,β2 are meeting
invariants (1.4) which can be inductively determined by genus 0 GV type invariants.
GV TYPE INVARIANTS ON CY 4-FOLDS VIA DESCENDENT INSERTIONS 7
We believe the choices of orientations in Conjecture 1.1 and Conjecture 1.2 are the same when
moduli spaces are connected. This will be checked in examples considered in Section 2.
Combining Conjecture 1.1 and Conjecture 1.2, all genus GV type invariants can be interpreted
in terms of DT4 counting invariants of one dimensional stable sheaves.
1.5. Heuristic argument. In this section, we justify Conjecture 1.2 in an ideal situation: let
X be an ‘ideal’ CY4 in the sense that all curves of X deform in families of expected dimensions,
and have expected generic properties, i.e.
(1) any rational curve in X is a chain of smooth P1’s with normal bundle OP1(−1,−1, 0), and
moves in a compact 1-dimensional smooth family of embedded rational curves, whose
general member is smooth with normal bundle OP1(−1,−1, 0).
(2) any elliptic curve E in X is smooth, super-rigid, i.e. the normal bundle is L1 ⊕L2 ⊕L3
for general degree zero line bundle Li on E satisfying L1⊗L2⊗L3 = OE . Furthermore
any two elliptic curves are disjoint and disjoint from all families of rational curves on X .
(3) there is no curve in X with genus g > 2.
For a fixed curve class β, let Dβ be the total space of one dimensional family of rational curves
in class β. It has a fibration
π : Dβ →Mβ
to the (one dimensional) moduli space Mβ of rational curves in class β. In the ideal situation,
most fibers of π are smooth P1 with normal bundle OP1(−1,−1, 0) except finitely many reducible
fibers. As in [KP, Sect. 2.3], we may assume Dβ is modelled on the blow-up of a P
1-bundle
over finitely many general points. We first determine its contribution to our DT4 descendent
invariant. The universal family of M1(X, β) is j∗ODβ for the embedding
j : Dβ →֒ X ×Mβ.
It is obvious that its push-forward to the moduli space has trivial determinant. By the Grothendieck-
Riemann-Roch formula, we have
ch4(j∗ODβ ) = −
1
2
c1(ωpi).
Therefore for the family of rational curves (with respect to the orientation in [CMT18], i.e.
taking the usual fundamental class of the moduli space), we have∫
Mβ
τ1(α) = −1
2
∫
Dβ
c1(ωpi) · α|Dβ .
Below we explicitly compute this intersection number. Suppose that Dβ is the blow-up of general
k-points of a P1-bundle. Then
H2(Dβ ,Q) = Q〈β, ψ, β(1)1 , . . . , β(k)1 〉
is generated by k + 2 elements, where β is the fiber class, β
(i)
1 are the classes of exceptional
curves, ψ = c1(ωpi) is the first Chern class of the relative cotangent bundle of π.
We have the following intersection numbers
β · β = β(i)1 · β = 0, β · ψ = −2, β(i)1 · ψ = (β(i)1 )2 = −1.
The restriction of α to Dβ satisfies
α|Dβ = aβ + bψ +
k∑
i=1
diβ
(i)
1 ,
for some a, b, di ∈ Q. We have the following equations
(α|Dβ )2 = b2ψ2 −
k∑
i=1
d2i − 4ab− 2b
k∑
i=1
di,(1.9)
− 1
2
ψ · α|Dβ = a−
b
2
ψ2 +
1
2
k∑
i=1
di,(1.10)
α · β = −2b, α · β(i)1 = −b− di.(1.11)
We set β
(i)
2 = β − β(i)1 . From equation (1.11), we can solve b, di and obtain
b = −1
2
α · β, di = 1
2
α · (β(i)2 − β(i)1 ).
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By substituting into (1.10), we can solve a and obtain
a = −1
2
ψ · α|Dβ −
ψ2
4
(α · β) + 1
4
k∑
i=1
α · (β(i)2 − β(i)1 ).
By substituting these into (1.9), we obtain
−1
2
ψ · α|Dβ =
(α|Dβ )2
2(α · β) +
(α · β)
8
ψ2 +
k∑
i=1
(α · β(i)1 − α · β(i)2 )2
8(α · β) .
However some β
(i)
1 may be equal to β
(j)
1 in the ambient space X , and the number of times this
could happen is given by the meeting invariant mβ1,β2 for such β1 = β
(i)
1 and β2 = β
(i)
2 (ref.
[KP, pp. 10]). We also need to divide it by two in order to modulo the symmetry between β1
and β2 = β − β1. Therefore, the above formula should be adjusted to be
−1
2
ψ · α|Dβ =
(α|Dβ )2
2(α · β) +
(α · β)
8
ψ2 +
∑
β1+β2=β
(α · β1 − α · β2)2
8(α · β) ·
mβ1,β2
2
.
From [KP, pp. 11], we have
ψ2 = −1
2
∑
β1+β2=β
mβ1,β2 .
Therefore we obtain
−1
2
ψ · α|Dβ =
(α|Dβ )2
2(α · β) −
∑
β1+β2=β
(α · β1)(α · β2)
4 (α · β) mβ1,β2 .
Thus considering only contribution from the rational curves family, we have
〈τ1(α)〉β = n0,β(α
2)
2 (α · β) −
∑
β1+β2=β
(α · β1)(α · β2)
4 (α · β) mβ1,β2 .
Next, we determine the contribution from a super-rigid elliptic curve E. The moduli space
M1(X, β) of one dimensional stable sheaves which are supported on E with [E] = β is Pic
1(E),
which is identified with E by the map x 7→ OE(x) for x ∈ E. It has a normalized universal sheaf
F = j∗OE×E(∆) ∈ Coh(E × E),
where ∆ ⊂ E × E is the diagonal, j : E × E → X × E is the product of the natural inclusion
E →֒ X and the identity map on E. For α ∈ H2(X), a direct calculation gives∫
Pic1(E)
τ1(α) = α · [E] = α · β.
As for r > 1 and r|β (i.e. β/r ∈ H2(X,Z)) and a super-rigid elliptic curve E with [E] = β/r,
the moduli space of one dimensional stable sheaves supported on E is the moduli spaceME(r, 1)
of rank r degree one stable bundles on E. The determinant map defines an isomorphism
det: ME(r, 1)
∼=→ME(1, 1) = Pic1(E)
∼=← E.
Under the above isomorphism, the normalized universal sheaf F has the following K-theory class
[F] = [j∗OE×E(∆)] + (r − 1)[j∗OE×E ].
For example, the above identity follows from a simpler version of the argument in Lemma 2.6.
Therefore we similarly get ∫
ME(r,1)
τ1(α) =
α · β
r
.
Therefore all super-rigid elliptic curves contribute∑
r|β
(α · β)
r
· n1,β/r
to our descendent invariant 〈τ1(α)〉β for some choice of orientations. Here we did not explain
why minus sign in front of genus one GV type invariants comes as the right choice of orientations.
In fact, this choice emerges from the experimental study of all examples in Section 2. It will be
an interesting question to give an explanation of this choice in the above ideal geometry.
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1.6. Constraints on genus zero GV type invariants. In order to make sense of the formula
in Conjecture 1.2, the right hand side has to be a linear function on α. A priori, the right hand
side is a rational function with simple pole along the hyperplane α · β = 0, so we need to show
the absence of pole of this rational function. It requires the following constraint
n0,β(α
2) =
1
2
∑
β1+β2=β
β1,β2>0
(α · β1)(α · β2)mβ1,β2 ,(1.12)
for any α ∈ H2(X) with α · β = 0. Below we show that the above formula can be derived
from the WDVV equation. We first solve the recursion for the meeting numbers and express the
identity (1.12) in terms of genus zero GV type invariants.
Lemma 1.3. The identity (1.12) is equivalent to the identity
n0,β(α
2) =
1
2
∑
k1,k2∈Z>0
g.c.d.(k1,k2)=1
∑
β1+β2=β
k1|β1,k2|β2
∑
a,b
(α · β1)(α · β2)
k21k
2
2
n0,β1/k1(Sa)g
abn0,β2/k2(Sb).(1.13)
Here g.c.d.(k1, k2) denotes the greatest common divisor of k1 and k2, {S∗} is a basis of the free
part of H4(X,Z) and (gab) is the inverse matrix of (gab) given in (1.3).
Proof. For each k1, k2 with g.c.d.(k1, k2) = 1, we set
ak1,k2 :=
∑
β1+β2=β
k1|β1,k2|β2
1
k21k
2
2
(α · β1)(α · β2)mβ1/k1,β2/k2 ,
bk1,k2 :=
∑
β1+β2=β
k1|β1,k2|β2
∑
a,b
1
k21k
2
2
(α · β1)(α · β2)n0,β1/k1(Sa)gabn0,β2/k2(Sb).
Since α · β = 0, the only terms of β1, β2 which are non-proportional contribute to the above
sums. Therefore by the recursion for the meeting numbers (1.4), we obtain
ak1,k2 − bk1,k2 =
∑
β1+β2=β
k1|β1,k2|β2
1
k21k
2
2
(α · β1)(α · β2)mβ1/k1−β2/k2,β2/k2
+
∑
β1+β2=β
k1|β1,k2|β2
1
k21k
2
2
(α · β1)(α · β2)mβ1/k1,β2/k2−β1/k1 .(1.14)
In the above first sum, we set
β′1 := k1
(
β1
k1
− β2
k2
)
, β′2 := (k1 + k2)
β2
k2
.
Then we have k1|β′1, (k1 + k2)|β′2, and
β′1 + β
′
2 = β, mβ1/k1−β2/k2,β2/k2 = mβ′1/k1,β′2/(k1+k2).
Conversely, suppose that β′1 + β
′
2 = β is given such that k1|β′1 and (k1 + k2)|β′2. Then we have
β1 + β2 = β, where β1, β2 are given by
β1 = k1
(
β′1
k1
+
β′2
k1 + k2
)
, β2 = k2
β′2
k1 + k2
,(1.15)
which satisfy k1|β1, k2|β2. Therefore we can write the first sum in (1.14) as a sum over β′1+β′2 = β
with k1|β′1 and (k1 + k2)|β′2. Moreover using the relation α · β = 0 and (1.15), we have
1
k21k
2
2
(α · β1)(α · β2) = 1
k21(k1 + k2)
2
(α · β′1)(α · β′2).
Therefore the first sum of (1.14) is∑
β′1+β
′
2=β
k1|β
′
1,(k1+k2)|β
′
2
1
k21(k1 + k2)
2
(α · β′1)(α · β′2)mβ′1/k1,β′2/(k1+k2) = ak1,k1+k2 .
Similarly the second sum in (1.14) equals to ak1+k2,k2 . Therefore we obtain the relation
ak1,k2 = bk1,k2 + ak1,k1+k2 + ak1+k2,k2 .
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Since the right hand side of (1.12) is a1,1/2, the identity (1.12) is equivalent to
n0,β(α
2) =
1
2
∑
k1,k2∈Z>0
bk1,k2 .
Here in the above sum, (k1, k2) are those which appear by iterated operations of either (k1, k2) 7→
(k1, k1+ k2) or (k1, k2) 7→ (k1 + k2, k2). By an elementary Euclidean algorithm argument, every
coprime pair (k1, k2) appears exactly once by the above operations. Therefore the identity (1.12)
is equivalent to (1.13). 
By the above lemma, we can give an equivalent form of (1.12) in terms of genus zero Gromov-
Witten invariants.
Proposition 1.4. The identity (1.12) for all (α, β) with α · β = 0 is equivalent to the following
identity for all (α, β) with α · β = 0,
GW0,β(α
2) =
1
2
∑
β1+β2=β
∑
a,b
(α · β1)(α · β2)GW0,β1(Sa)gabGW0,β2(Sb),(1.16)
where {S∗} is a basis of the free part of H4(X,Z).
Proof. Suppose that (1.12) holds for all (α, β) with α · β = 0. Then by Lemma 1.3, we have
GW0,β(α
2) =
∑
k>1,k|β
1
k2
n0,β/k(α
2)
=
1
2
∑
k>1,k|β
∑
k1∈Z>0,k2∈Z>0
g.c.d.(k1,k2)=1
∑
β1+β2=β/k
k1|β1,k2|β2
∑
a,b
1
k2k21k
2
2
(α · β1)(α · β2)n0,β1/k1(Sa)gabn0,β2/k2(Sb)
=
1
2
∑
k′1∈Z>0,k
′
2∈Z>0
∑
β′1+β
′
2=β
k′1|β
′
1,k
′
2|β
′
2
∑
a,b
1
k
′2
1 k
′2
2
(α · β′1)(α · β′2)n0,β′1/k′1(Sa)gabn0,β′2/k′2(Sb).
Here we have set β′1 = kβ1, β
′
2 = kβ
′
2 and k
′
1 = kk1, k
′
2 = kk2 in the third identity, where
g.c.d.(k′1, k
′
2) = k so that there is no constraint on g.c.d.(k
′
1, k
′
2) in the third identity. By the
multiple cover formula, the last identity gives the desired identity (1.16).
Conversely suppose (1.16) holds for all (α, β) with α · β = 0. Then by applying the above
computation backwards, we can conclude (1.12) by an induction on the divisibility of β. 
Theorem 1.5. The identity (1.12) holds for any Calabi-Yau 4-fold, i.e. the formula in Conjec-
ture 1.2 is an identity of linear functions on α ∈ H2(X).
Proof. We assume Hodd(X,Q) = 0 for simplicity and the same argument works in the general
case. Let S0 = 1, S1, · · · , Sm−1, Sm = [pt] be a basis of H∗(X,Q), where S1, · · · , Sr ∈ H2(X,Q),
Sr+1, · · · , Sl ∈ H4(X,Q) and Sl+1, · · · , Sm−1 ∈ H6(X,Q). Write γ :=
∑m
i=0 tiSi where ti are
formal variables. The Gromov-Witten potential (ref. [CoxKatz, (8.29)]) is
Φ :=
∞∑
n=0
∑
β∈H2(X,Z)
1
n!
GW0,β(γ
⊗n) qβ
=
1
6
∫
X
γ3 +
∑
b>0
∑
06=β∈H2(X,Z)
1
b!
GW0,β

( m∑
i=r+1
tiSi
)⊗b e∫β(∑ri=1 tiSi) qβ
=
1
6
∫
X
γ3 +
l∑
i=r+1
ti
∑
06=β∈H2(X,Z)
GW0,β(Si)e
∫
β(
∑r
i=1 tiSi) qβ ,
where we use CY4 condition in the last equality.
The WDVV equation (ref. [W, DVV], [CoxKatz, Theorem 8.2.4]) is∑
a,b
Φijag
abΦbkl =
∑
a,b
Φjkag
abΦbil,
where Φabc =
∂Φ
∂ta∂tb∂tc
denotes the third partial derivative of Φ with respect to ta, tb, tc.
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Note that
Φ11a =
∫
X
S21Sa +
∑
06=β∈H2(X,Z)
GW0,β(Sa)(S1 · β)2e
∫
β
(
∑r
i=1 tiSi) qβ ,
Φ22b =
∫
X
S22Sb +
∑
06=β∈H2(X,Z)
GW0,β(Sb)(S2 · β)2e
∫
β
(
∑r
i=1 tiSi) qβ ,
Φ12a =
∫
X
S1S2Sa +
∑
06=β∈H2(X,Z)
GW0,β(Sa)(S1 · β)(S2 · β)e
∫
β
(
∑
r
i=1 tiSi) qβ.
By taking i = j = 1, k = l = 2 in the WDVV equation, we obtain
GW0,β
((
(S1 · β)S2 − (S2 · β)S1
)2)
=
∑
r+16a,b6l
∑
β1+β2=β
GW0,β1(Sa)g
abGW0,β2(Sb)(S1 · β1)(S2 · β1)(S1 · β2)(S2 · β2)
−
∑
r+16a,b6l
∑
β1+β2=β
GW0,β1(Sa)g
abGW0,β2(Sb)(S1 · β1)2(S2 · β2)2
=
∑
r+16a,b6l
∑
β1+β2=β
GW0,β1(Sa)g
abGW0,β2(Sb)(S1 · β1)(S2 · β1)(S1 · β2)(S2 · β2)
−
∑
r+16a,b6l
∑
β1+β2=β
GW0,β1(Sa)g
abGW0,β2(Sb)(S1 · β2)2(S2 · β1)2.
Let α := (S1 · β)S2 − (S2 · β)S1 ∈ H2(X). By taking sum of the above two equations, we obtain
GW0,β(α
2) =
1
2
∑
β1+β2=β
∑
a,b
(α · β1)(α · β2)GW0,β1(Sa)gabGW0,β2(Sb).
By considering other i, j, k = l ∈ {1, 2, · · · , r}, we can conclude for any α ∈ H2(X) with α·β = 0,
the above equality holds. Combining with Proposition 1.4, we are done. 
The following example shows that (1.12) gives nontrivial constraints on GW invariants of
Calabi-Yau 4-folds whose Picard numbers are bigger than one.
Example 1.6. When X = TotP1×P1(O(−1,−1)⊕O(−1,−1)). The formula (1.12) (equivalently
(1.16) by Proposition 1.4) gives a recursion formula for genus zero GW invariants of X:
GW0,(d1,d2)([pt]) =
1
2
∑
d′1+d
′′
1=d1
d′2+d
′′
2=d2
(d′1d
′′
2 − d′2d′′1 )2
d1d2
GW0,(d′1,d′2)([pt]) ·GW0,(d′′1 ,d′′2 )([pt]).
In [KP, Proposition 3, pp. 23], GW invariants are explicitly computed by torus localization:
GW0,(d1,d2)([pt]) =
1
(d1 + d2)2
(
d1 + d2
d1
)2
.
Combining them, we obtain a nontrivial identity of binomial coefficients for any d1, d2 ∈ Z>0,
2d1d2
(d1 + d2)2
(
d1 + d2
d1
)2
=
∑
d′i+d
′′
i =di
d′i,d
′′
i >0, i=1,2
(d′1d
′′
2 − d′2d′′1)2
(d′1 + d
′
2)
2(d′′1 + d
′′
2 )
2
(
d′1 + d
′
2
d′1
)(
d′′1 + d
′′
2
d′′1
)
.
1.7. Other DT4 descendent invariants. In Conjecture 1.1, 1.2, we use DT4 invariants with
ch3 and ch4 insertions to give sheaf theoretical interpretations of all genus GV type invariants
of Calabi-Yau 4-folds. One can also consider other descendent invariants, though they do not
seem to contain more information.
For instance, with the normalized universal sheaf Fnorm (1.7), we can consider the ch5-
descendent insertions
τ2 : H
0(X,Z)→ H2(M1(X, β),Z), τ2(r) := (πM )∗(π∗Xr ∪ ch5(Fnorm)),
and their DT4 invariants
〈τ2(r)〉β :=
∫
[M1(X,β)]vir
τ2(r).
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Using an argument in the ideal geometry (as in Section 1.5), we obtain the following conjectural
formula
〈τ2(1)〉β = − 1
12
n0,β(c2(X)),
for the same choice of orientations as in Conjecture 1.1. One can easily check the formula holds
in examples considered in Section 2 and the corresponding choice of orientations is unique and
coincides with those in Conjecture 1.1, 1.2.
2. Computations of Examples
2.1. Elliptic fibrations. For Y = P3, we take general elements
u ∈ H0(Y,OY (−4KY )), v ∈ H0(Y,OY (−6KY )).
Let X be a Calabi-Yau 4-fold with an elliptic fibration
π : X → Y(2.1)
given by the equation
zy2 = x3 + uxz2 + vz3
in the P2-bundle
P(OY (−2KY )⊕OY (−3KY )⊕OY )→ Y,
where [x : y : z] are homogeneous coordinates for the above projective bundle. A general fiber
of π is a smooth elliptic curve, and any singular fiber is either a nodal or cuspidal plane curve.
Moreover, π admits a section ι whose image corresponds to the fiber point [0 : 1 : 0].
Let h be a hyperplane in P3, f be a general fiber of π : X → Y and set
B =: π∗h, D := ι(P3) ∈ H6(X,Z).(2.2)
We consider moduli spaces M1(X, r[f ]) of one dimensional stable sheaves on X in the multiple
fiber classes r[f ] (r > 1).
Lemma 2.1. ([CMT18, Lemma 2.1]) For any r ∈ Z>1, there is an isomorphism
M1(X, r[f ]) ∼= X,
under which the virtual class of M1(X, r[f ]) is given by
[M1(X, r[f ])]
vir = ±PD(c3(X)) ∈ H2(X,Z),(2.3)
where the sign corresponds to a choice of orientations in defining the LHS.
By the isomorphism in Lemma 2.1, we have the equivalence
Coh(X ×M1(X, r[f ])) ∼→ Coh(X ×X).
Under the above equivalence, the normalized universal sheaf Fnorm is a coherent sheaf on X×X .
In order to compute τ1(α)r[f ], we need to give an explicit description of the K-theory class of
Fnorm. Let Φ be the functor defined by
Φ(−) = Cone(π∗Rπ∗(−)→ (−)) : Db(Coh(X))→ Db(Coh(X)).
Lemma 2.2. The functor Φ is an equivalence such that, for any point y ∈ Y , the following
diagram commutes
Db(Coh(fy))
i∗ //
Φfy

Db(Coh(X))
Li∗ //
Φ

Db(Coh(fy))
Φfy

Db(Coh(fy))
i∗ // Db(Coh(X))
Li∗ // Db(Coh(fy)).
(2.4)
Here fy = π
−1(y), i : fy →֒ X is the inclusion and Φfy is the spherical twist with respect to Ofy :
Φfy (−) = Cone(RΓ(−)⊗Ofy → (−)).
Proof. Since we have the decomposition
Rπ∗OX = OY ⊕ ωY [−1],(2.5)
the object OX is EZ-spherical in the sense of [Horja, Definition 2.1]. Therefore the equivalence
of Φ follows from [Horja, Theorem 2.11]. The commutative diagram (2.4) follows from the
definition of Φ. 
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We denote by Φ×r the r-times composition of Φ. We define the following object
(Φ×r ⊠ idX)(O∆X )[−1] ∈ Db(Coh(X ×X)),(2.6)
and regard it as a family of objects over the second factor of X ×X .
Lemma 2.3. The object (2.6) is a flat family of stable sheaves F on X with [F ] = r[f ] and
χ(F ) = −1.
Proof. Let us take x ∈ X and set y = f(x). By the diagram (2.4), we have
(Φ×r ⊠ idX)(O∆X )|X×{x} = i∗Φ×rfy (Ox).
It is enough to show that Φ×rfy (Ox)[−1] is a stable sheaf on fy with rank r and Euler characteristic
−1. We prove the claim by an induction on r. For r = 1, we have
Φfy (Ox) = Ofy (−x)[1],
so the claim is obvious. Suppose that the claim holds for r. By the induction hypothesis,
RΓ(Φ×rfy (Ox)[−1]) = C[−1].
So there is a non-split extension of sheaves on fy,
0→ Φ×rfy (Ox)[−1]→ Φ×r+1fy (Ox)[−1]→ Ofy → 0.
Since Φ×rfy (Ox)[−1] is stable and the above sequence is non-split, it is straightforward to check
that Φ×r+1fy (Ox)[−1] is also stable. 
We take the shifted derived dual of the object (2.6):
F(r) := RHomX×X((Φ×r ⊠ idX)(O∆X ),OX×X)[4] ∈ Db(Coh(X ×X)).
Again we regard it as a family of objects over the second factor of X ×X .
Lemma 2.4. The object F(r) is a (non-normalized) universal family of one dimensional stable
sheaves E on X with [E] = r[f ] and χ(E) = 1.
Proof. By Lemma 2.3, the object F(r) is a flat family of one dimensional stable sheaves E on X
with [E] = r[f ] and χ(E) = 1. Therefore it induces the morphism X → Mr[f ],1. Since Φ is an
equivalence, the above map is injective on closed points and isomorphisms on tangent spaces.
Since Mr[f ],1 ∼= X (Lemma 2.1), the above morphism must be an isomorphism. Therefore F(r)
is a universal object. 
We next determine the K-theory class of F(r). We use the following diagram, where the
middle square is a derived Cartesian
X 
 ι //
pi

∆X
&&
X ×Y X
η
zz✈✈
✈✈
✈✈
✈✈
✈

 i //
p

X ×X
pi×idX

pi×pi
%%❑
❑❑
❑❑
❑❑
❑❑
❑
Y
∆Y
55Xpi
oo  
(pi,idX)
// Y ×X
idY×pi
// Y × Y.
Here ι is the diagonal embedding and p is the second projection.
Lemma 2.5. We have the following identity in the K-theory of X ×X
[F(r)] = −

r−1∑
j=0
i∗η
∗ω⊗jY −O∆X


∨
.
Proof. By the definition of F(r), it is enough to show the identity in the K-theory
(Φ×r ⊠ idX)(O∆X ) = −
r−1∑
j=0
i∗η
∗ω⊗jY +O∆X .(2.7)
We prove (2.7) by the induction on r. For r = 1, since
(π × idX)∗(π × idX)∗O∆X ∼= (π × idX)∗(π, idX)∗p∗ι∗OX
∼= i∗OX×YX ,
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thus we have
(Φ⊠ idX)(O∆X ) = i∗OX×YX(−∆X)[1],
where OX×YX(−∆X) ⊂ OX×YX is the ideal sheaf of the diagonal. So (2.7) holds for r = 1.
Suppose that (2.7) holds for r. We have isomorphisms
(π × idX)∗(π × idX)∗i∗η∗ω⊗jY ∼= (π × idX)∗(π, idX)∗Rp∗η∗ω⊗jY
∼= (π × idX)∗(π, idX)∗(π∗ω⊗jY ⊕ π∗ω⊗j+1Y [−1])
∼= i∗p∗(π∗ω⊗jY ⊕ π∗ω⊗j+1Y [−1]).
Here we have used (2.5) for the second isomorphism. It follows that the object (Φ⊠idX)(i∗η
∗ω⊗jY )
has K-theory class i∗η
∗ω⊗j+1Y . By the induction hypothesis, we have
(Φ×r+1 ⊠ idX)(O∆X ) = −
r−1∑
j=0
i∗η
∗ω⊗j+1Y − i∗OX×YX +O∆X ,
which implies (2.7) holds for r + 1. 
We define F
(r)
norm to be
F(r)norm := F
(r) ⊗ p∗Mπ∗ω⊗rY ∈ Coh(X ×X).
Here pM : X ×X → X is the second projection.
Lemma 2.6. The object F
(r)
norm is the normalized universal sheaf of one dimensional stable
sheaves E on X with [E] = r[f ] and χ(E) = 1.
Proof. By a similar computation in Lemma 2.5 and the Grothendieck duality, we have
RpM∗(i∗η
∗ω⊗jY )
∨ ∼= π∗ω⊗−jY ⊕ π∗ω⊗−j−1Y [1].
Therefore by Lemma 2.5 we have an identity in the K-theory:
RpM∗F
(r) = −
r−1∑
j=0
(π∗ω⊗−jY − π∗ω⊗−j−1Y ) +OX
∼= π∗ω⊗−rY .
Therefore the lemma holds from the definition of normalized universal sheaf. 
Using above lemmas, we can compute 〈τ1(α)〉r[f ] in the following.
Proposition 2.7. Let B,D ∈ H2(X,Z) be divisors in (2.2). For α = α1[D] + α2[B], we have
〈τ1(α)〉r[f ] = (20− 1920r2)α1 + 960α2, ∀ α1, α2 ∈ R.
Here we have chosen the minus sign for the virtual class (2.3).
Proof. Using Lemma 2.5 and Grothendieck Riemann-Roch theorem, we can easily calculate the
Chern character of F
(r)
norm as follows (we only describe the terms with ch3 and ch4)
ch(F(r)norm) = −

r−1∑
j=0
ch(i∗η
∗ω⊗jY )− ch(O∆X )


∨
· e−4rp∗Mpi∗h
= −

r−1∑
j=0
i∗(e
−4jη∗h · η∗td−1Y/Y×Y )− ch(O∆X )


∨
· e−4rp∗Mpi∗h
= −


r−1∑
j=0
i∗(1− 4jη∗h− 2η∗h+ · · · )∨ +∆X + · · ·

 · e−4rp∗Mpi∗h
=
(
r[X ×Y X ] + 2r2i∗η∗h+∆X + · · ·
)
· e−4rp∗Mpi∗h
= r[X ×Y X ]− 2r2i∗η∗h+∆X + · · · .
Therefore we have
pM∗(ch4(F
(r)
norm) · p∗Xα) = α1(D − 2r2B) + α2B.
The proposition follows from D · c3(X) = −20 and B · c3(X) = −960. Here we note that
the divisor E in [KP, pp. 38-39] satisfies E = D + 4B, then D · c3(X) = −20 follows from
E · c3(X) = −3860 and B · c3(X) = −960. 
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We next compute the meeting numbers.
Lemma 2.8. For any r1 > 0, r2 > 0, we have
mr1[f ],r2[f ] = 46080.(2.8)
Proof. We set γ1 = D · B and γ2 = B2. By [KP, Section 6.3], we have
n0,r[f ](γ1) = 960r, n0,r[f ](γ2) = 0.
As in [KP, Section 6.3], to compute n0,β(γ) for some γ ∈ H4(X), it is enough to take γ1, γ2 as
a basis and consider projections of γ to them. Therefore, we write
∆ = γ1 ⊠ γ2 + γ2 ⊠ γ1 − 4γ2 ⊠ γ2, c2(X) = 48γ1 + 182γ2.(2.9)
We prove (2.8) by an induction on r1 + r2. If r1 = r2 = 1, we have
m[f ],[f ] = n0,[f ](c2(X)) = 48 · 960 = 46080.
For general (r1, r2), suppose that r1 > r2. Then because of n0,ri[f ](γ2) = 0 and the description
of the diagonal (2.9), we have
mr1[f ],r2[f ] = m(r1−r2)[f ],r2[f ] = 46080,
by the induction hypothesis. The same applies to the case of r1 < r2. Finally for r1 = r2 = r,
using the induction hypothesis we obtain
mr[f ],r[f ] = n0,r[f ](c2(X))−
∑
r′+r′′=r
r′>0,r′′>0
mr′[f ],r′′[f ]
= 46080r− 46080(r− 1)
= 46080.
Therefore the identity (2.8) holds. 
Theorem 2.9. Conjecture 1.2 holds for β = r[f ] with r > 1.
Proof. For α = α1[D] + α2[B] with α1, α2 ∈ R, we have
n0,r[f ](α
2)
2(α · r[f ]) −
1
4
∑
r1+r2=r
ri∈Z>0
(α · r1[f ])(α · r2[f ])
(α · r[f ]) mr1[f ],r2[f ] −
∑
k|r
(α · r[f ]/k)n1,r[f ]/k
= 960(−2α1 + α2)− 1
4
∑
r1+r2=r
ri∈Z>0
r1α1 · r2α1
rα1
· 46080 + 20α1
= 960(−2α1 + α2)− 1
4
· 1
6
(r2 − 1)α1 · 46080 + 20α1
= (20− 1920r2)α1 + 960α2.
Here we have used n1,[f ] = −20 and n1,r[f ] = 0 for r > 1 from [KP, Table 7]. By comparing
with Proposition 2.7, we obtain the theorem. 
2.2. Product of CY 3-fold with elliptic curve. We next consider the case of a CY 4-fold
given by the product of a smooth projective CY 3-fold and an elliptic curve.
Proposition 2.10. Let X = Y × E be the product of a smooth projective Calabi-Yau 3-fold Y
with an elliptic curve E. Then Conjecture 1.2 holds in the following cases:
(1) β = r[E] with r > 1,
(2) any β ∈ H2(Y,Z) ⊂ H2(X,Z).
Proof. (1) By [CMT19, Lemma 2.16], genus zero GW invariants vanish and
n1,[E] = χ(Y ), n1,r[E] = 0, if r > 1.
We have isomorphisms
M1(X, [E]) ∼= Y × Pic1(E), M1(X, r[E]) = ∅, if r > 1,
whose virtual class satisfies
[M1(X, [E])]
vir = −χ(Y ) · [Pic1(E)], [M1(X, r[E])]vir = 0, if r > 1,
for certain choice of orientations. Then Conjecture 1.2 obviously holds when r > 1.
As for r = 1 case, let ∆Y →֒ Y × Y and ∆E →֒ E × E be the diagonals. Then
F = O∆Y ⊠OE×E(∆E)
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is the normalized universal sheaf of M1(X, [E]). By the Grothendieck-Riemann-Roch formula,
ch4(F) = [∆Y ×∆E ].
For α = α1 ⊕ α2 ∈ H2(Y )⊕H2(E), we have τ1(α) = α1 ⊕ α2. Therefore∫
[M1(X,[E])]vir
τ1(α) = −χ(Y ) ·
∫
E
α2 = −(α · [E])n1,[E].
(2) By [CMT19, Lemma 2.16], n1,β = 0. By [CMT18, Lemma 2.6], we have an isomorphism
M1(X, β) ∼=M1(Y, β)× E,
under which the virtual class satisfies
[M1(X, β)]
vir = [M1(Y, β)]
vir ⊗ [E],
for certain choice of orientations.
Let FY be the normalized universal sheaf of M1(Y, β) and ∆E →֒ E × E be the diagonal
embedding. Then
F = FY ⊠O∆E
is the normalized universal sheaf of M1(X, β) whose Chern character satisfies
ch3(F) = ch2(FY ) · [∆E ], ch4(F) = ch3(FY ) · [∆E ].
Let πMY : M1(Y, β)× Y →M1(Y, β) be the projection. Then∫
[M1(X,β)]vir
τ1(α) =
∫
E
α2 ·
∫
[M1(Y,β)]vir
(πMY )∗ ch3(FY )
=
∫
E
α2 ·
∫
[M1(Y,β)]vir
ch0((πMY )∗FY )
=
(∫
E
α2
)
· deg[M1(Y, β)]vir,
where the second equality is by the Grothendieck-Riemann-Roch formula.
By [CMT18, Corollary 2.7], for certain choice of orientations, we have∫
[M1(X,β)]vir
τ0(α
2) = 2
(∫
β
α
)
·
(∫
E
α2
)
· deg[M1(Y, β)]vir.
Note that meeting invariants vanish obviously in this product case, therefore Conjecture 1.2
holds in this case. 
2.3. Two local surfaces. In this section, we consider local surfaces
X = TotP2(O(−1)⊕O(−2)), TotP1×P1(O(−1,−1)⊕O(−1,−1)).
Although they are non-compact, the moduli spaces M1(X, β) of one dimensional stable sheaves
are smooth projective varieties (ref. [CMT18, Section 3.1]). So it makes sense to study Conjec-
ture 1.2 for these examples.
Proposition 2.11. Let X = TotP2(O(−1)⊕O(−2)) and β = d [P1] ∈ H2(X,Z). Then Conjec-
ture 1.2 holds for d 6 3.
Proof. We present the proof for d = 3 case (the d = 1, 2 cases are easier versions of the same
approach). We first compute the meeting invariants, consider a compactification of X :
X = P(O(−2)⊕O(−1)⊕O)
with the projection π : X → P2 and a section ι : P2 → X. Then
H4(X,Z) = Z〈T1, T2, T3〉,
where T1 = [ι(P
2)], T2 = [π
−1(pt)] and T3 is the class of a surface in the infinite divisor. Their
intersection matrix is
g =

2 1 01 0 0
0 0 ∗

 with g−1 =

0 1 01 −2 0
0 0 (∗)−1

 .
For any β ∈ H2(X) ⊂ H2(X), we have
n0,β(T1) = (T1 · T1) · n0,β([pt]), n0,β(T2) = n0,β([pt]), n0,β(T3) = 0.
Then
m1,1 = n0,1(c2(X)) +
∑
n0,1(Ti)g
ijn0,1(Tj) = 6,
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m1,2 = m1,1 +
∑
n0,1(Ti)g
ijn0,2(Tj) = 4.
So for α = [P1] ∈ H2(X), the RHS of Conjecture 1.2 is
n0,3([pt])
6
− 1
3
m1,2 − 3n1,3 = 3
2
,
where we use n0,3([pt]) = n1,3 = −1 (ref. [KP, pp. 22]).
Next we compute the DT4 descendent invariant. By [CMT18, Prop. 3.1], there is an isomor-
phism
M1(P
2, d)
∼=→M1(X, d)(2.10)
given by push-forward along the zero section P2 →֒ X . Under the above isomorphism, the virtual
class can be computed as the Euler class of a certain obstruction bundle on M1(P
2, d).
More specifically, there is a natural support morphism to the linear system of degree 3 curves
M1(P
2, 3)→ |O(3)| = P9.
Moreover, if we denote
C →֒ P9 × P2
to be the universal curve over this linear system, there is an isomorphism C ∼= M1(P2, 3) which
sends the pair (C, p) to the dual (on C) of the ideal sheaf IC,p.
Let V denote the vector bundle on M1(P2, 3) whose fiber at a point [E] is
Ext1
P2(E,E(−1)) = RHomP2(IC,p, IC,p(−1))[1].
Its top Chern class can be computed via the diagram:
C × P2   j //
piC


P9 × P2 × P2
pi1,2

C   j // P9 × P2.
By Beilinson’s resolution of diagonal, the K-theory class of the universal ideal sheaf I on C ×P2
is given by the pullback [I] = j∗[F ], where [F ] is the K-theory class of P9 × P2 × P2 given by
[F ] = π∗1,3[OC ]− π∗2,3[O∆]
= 3[O(0,−1, 0)]− [O(−1, 0,−3)]− [O(0,−1, 1)]− [O(0,−2,−1)].
The K-theory class of the corresponding universal sheaf of M1(P
2, 3) is the pull-back of [F∨ ⊗
O(0, 0,−3)[1]]. Its push-forward to the moduli space M1(P2, 3) has determinant O(1, 0). There-
fore we define normalized universal sheaf (as an element in K-theory):
[E ] = −[F∨ ⊗O(0, 0,−3)⊗O(−1, 0, 0)]
= −3[O(−1, 1,−3)] + [O(0, 0, 0)] + [O(−1, 1,−4)] + [O(−1, 2,−2)].
From this, we obtain
[V ] = j∗π1,2,∗(−[E ]∨ ⊗ [E ]⊗O(0, 0,−1)) = (H71 ·H22 )|C .
Moreover ch4(E) is written as
ch4(E) = −3
2
H1 ·H3 + other terms,
where the other terms do not contribute to the descendent DT4-invariant. Therefore∫
[M1(X,3)]vir
τ1([P
1]) = (−1) ·
∫
P9×P2
(H71 ·H22 )(−
3
2
H1 ·H3)(H1 + 3H2) = 3
2
,
where the minus sign (−1)c1(Y )·β−1 = −1 (here Y = TotP2(O(−1))) is the preferred choice of
orientations (0.7). Therefore Conjecture 1.2 holds in this case. 
Proposition 2.12. Let X = TotP1×P1(O(−1,−1) ⊕ O(−1,−1)) and β = (d1, d2) ∈ H2(X,Z).
Then Conjecture 1.2 holds for d1, d2 6 2.
Proof. Similar to the proof of Proposition 2.11, we present the proof for (2, 2) class here. Consider
a compactification of X :
X = P(O(−1,−1)⊕O(−1,−1)⊕O),
with the projection π : X → P1 × P1 and a section ι : P1 × P1 → X. Then
H4(X,Z) = Z〈T1, T2, T3〉,
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where T1 = [ι(P
1 × P1)], T2 = [π−1(pt)] and T3 is the class of a surface in the infinite divisor.
Their intersection matrix is
g =

2 1 01 0 0
0 0 ∗

 with g−1 =

0 1 01 −2 0
0 0 (∗)−1

 .
For any β ∈ H2(X) ⊂ H2(X), we have
n0,β(T1) = (T1 · T1) · n0,β([pt]), n0,β(T2) = n0,β ([pt]) , n0,β(T3) = 0.
By the definition of meeting invariants, we have
m(0,1),(2,1) = 2n0,(0,1) ([pt])n0,(2,1) ([pt]) + 2n0,(0,1) ([pt])n0,(2,0) ([pt]) = 2,
m(0,2),(2,0) = 2n0,(0,2)([pt])
2 = 0,
m(1,0),(1,2) = 2n0,(1,0)([pt])n0,(1,2)([pt]) + 2n0,(1,0)([pt])n0,(0,2)([pt]) = 2,
m(1,1),(1,1) = −2n0,(1,1)([pt]) + 2n0,(1,1)([pt])2 − 4n0,(1,0)([pt])2 = −4.
For α = (a, b) ∈ H2(X), the RHS of Conjecture 1.2 is
2ab · n0,(2,2)([pt])
4(a+ b)
− 1
8(a+ b)
∑
β1+β2=(2,2)
(α · β1)(α · β2)mβ1,β2 − 2(a+ b)n1,(2,2) = −2(a+ b),
where we use n0,(2,2)([pt]) = 2, n1,(2,2) = 1 (ref. [KP, pp. 24]).
Next, we compute the DT4 descendent invariant. The method is similar to the proof of
Proposition 2.11. Similarly to (2.10), we have an isomorphism
M1(P
1 × P1, β) ∼=→M1(X, β).
For β = (2, 2), it is isomorphic to the (1, 2, 2) divisor
C →֒ P8 × P1 × P1.
We have a commutative diagram
C × (P1 × P1)   j //
piC


P8 × (P1 × P1)× (P1 × P1)
pi1,2

C   j // P8 × (P1 × P1).
The K-theory class of the normalized universal sheaf ofM1(X, β) is the pullback of the following
K-theory class of P8 × (P1 × P1)× (P1 × P1),
[E ] = [O]− [O(−1, 1, 0,−1,−2)]− [O(−1, 0, 1,−2,−1)] + [O(−1, 1, 1,−1,−1)].
From this, we can compute the virtual class
[M1(X, (2, 2))]
vir = −2H61H2H3|C ,
for certain choice of orientations and∫
[M1(X,(2,2))]vir
τ1(α) = (−1)
∫
P8×P1×P1
(−2)H61H2H3(H1 + 2H2 + 2H3)(a+ b)(−H1)
= −2(a+ b),
where the minus sign (−1)c1(Y )·β−1 = −1 (here Y = TotP1×P1(O(−1,−1))) is the preferred
choice of orientations (0.7). Therefore Conjecture 1.2 holds in this case. 
2.4. Local Fano 3-fold.
Proposition 2.13. Let X = KP3 and β = d [P
1] ∈ H2(X,Z). Then Conjecture 1.2 holds if
d 6 3.
Proof. We first consider d = 2 case (same method applies to d = 1 case). Consider a compacti-
fication of X :
X = P(OP3(−4)⊕OP3)
with the projection π : X → P3 and a section ι : P3 → X. Then
H4(X,Z) = Z〈T1, T2〉,
where T1 = [ι(P
2)], T2 = [π
−1(P1)]. Their intersection matrix is
g =
(−4 1
1 0
)
with g−1 =
(
0 1
1 4
)
.
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For any β ∈ H2(X) ⊂ H2(X), we have
n0,β(T1) = (T1 · T1)n0,β
(
[P1]
)
, n0,β(T2) = n0,β
(
[P1]
)
.
By a direct calculation, we have
c2(X) = −10 ∈ Z ∼= H4(X,Z).
Then meeting invariants can be calculated as
m1,1 = n0,1 (c2(X)) +
∑
n0,1(Ti)g
ijn0,1(Tj) = −1400,
m1,2 = m1,1 +
∑
n0,1(Ti)g
ijn0,2(Tj) = −67000,
where we use (ref. [KP, Table 1, pp. 31]):
n0,1
(
[P1]
)
= −20, n0,2
(
[P1]
)
= −820, n0,3
(
[P1]
)
= −68060.
Hence for α = [P2] ∈ H2(X), the RHS of Conjecture 1.2 in this case is
1
4
n0,2([P
1])− 1
8
m1,1 = −30.(2.11)
Next we compute the DT4 descendent invariant. It is easy to see that for any one dimensional
stable sheaf F on P3 with [F ] = 2[P1] and χ(F ) = 1, there is an unique plane H ⊂ P3 and a
conic C ⊂ H such that F ∼= OC . Therefore M1(P3, 2) is a projective bundle over |OP3(1)| ∼= P3
and we denote the projection by
g : M1(P
3, 2) ∼= P|O
P3(1)|
(E)→ |OP3(1)|.
Here E = f∗OH(2) and H is the universal hyperplane in the following diagram
H   //
f

P3 × |OP3(1)|
ww♣♣
♣♣
♣♣
♣♣
♣♣
♣
|OP3(1)|.
Let C be the relative universal conics
i : C →֒ H ×|O
P3(1)|
P|O
P3(1)|
(E) →֒ P3 × P|O
P3(1)|
(E).
Then the normalized universal sheaf Fnorm is given by i∗OC , which has the following K-theory
class
i∗OC = [O]− [O(−1,−h2)]− [O(−2,−h1)] + [O(−3,−h1 − h2)],(2.12)
where h1 = c1(Og(1)) and h2 = g∗O(1). A direct calculation shows the identity in K-theory
RπM∗RHomP3×P|O
P3
(1)|(E)(i∗OC , i∗OC)[1]
= −4[O] + 8[O(h2)] + 20[O(h1)]− 4[O(h1 − h2)]− 20[O(h1 + h2)].
Since P|O
P3(1)|
(E) is smooth whose tangent bundle has the K-theory class:
TP|O
P3
(1)|(E) = 4[O(h2)] + 10[O(h1)]− 4[O(h1 − h2)]− 2[O],
the obstruction bundle Obs for DT3 virtual class on M1(P
3, 2) has the following K-theory class
Obs = TP|O
P3
(1)|
+RπM∗RHomP3×P|O
P3
(1)|(E)(i∗OC , i∗OC)− [O]
= 20[O(h1 + h2)] + [O]− 10[O(h1)]− 4[O(h2)].
By taking the Euler class, the DT3 virtual class on M1(P
3, 2) is given by
[M1(P
3, 2)]vir = 120h71 + 840h
6
1h2 + 3080h
5
1h
2
2 + 7700h
4
1h
3
2.
On the other hand for α = [P2] ∈ H2(X), using (2.12), we easily compute
πM∗(α⊠ ch4(i∗OC)) = −1
2
h1.
Therefore ∫
[M1(P3,2)]vir
τ1(α) =
(
120h71 + 840h
6
1h2 + 3080h
5
1h
2
2 + 7700h
4
1h
3
2
) · (−1
2
h1
)
= −60h81 − 420h71h2 − 1540h61h22 − 3850h51h32
= 30.
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Here we have used equalities h81 = −4, h71h2 = 6, h61h22 = −4 and h51h32 = 1. By taking the
sign (−1)c1(P3)·β−1 = −1 as the preferred choice of orientations (0.7), we obtain a matching with
(2.11).
Finally when d = 3, we consider the PT moduli space P1(X, 3) of stable pairs (F, s) on X ,
where F is a pure 1-dimensional sheaf with [F ] = 3[P1] and χ(F ) = 1, s ∈ H0(F ) is a section
with at most 0-dimensional cokernel. If F is supported on a twisted cubic C, then F = OC is
a stable sheaf [FT, Lemma 3.1]. If F is supported on a plane cubic C, then F is a non-split
extension of OC with the structure sheaf of one point, hence also stable.
Therefore there is a well-defined forgetful map
f : P1(X, β)→M1(X, β), (s : OX → F ) 7→ F,
which is in fact an isomorphism (see e.g. [FT, Lemma 3.2]). Therefore our descendent DT4
invariants (1.8) can be calculated by similar descendent invariants on stable pair moduli spaces.
In this case all stable pairs are scheme theoretically supported on the zero section P3 ⊂ X and
the moduli space P1(X, 3) has a natural orientation (up to an overall global sign) coming from
P1(P
3, 3) (see e.g. [CMT19, Proposition 3.3]). Using the 4-fold stable pair vertex [CK19, CKM],
one can explicitly compute the invariant and obtain 3 〈τ1([P2])〉3 = −22610.
In this case, the RHS of Conjecture 1.2 is
1
6
n0,3([P
1])− 1
3
m1,2 − 3n1,3 = −68060
6
− 1
3
× (−67000)− 3× 11200 = −22610,
which matches with our descendent invariant. Here we have used n1,3 = 11200 from [KP, Table
1]. 
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